PUBLICATIONS OF THE ASTRONOMICAL SOCIETY OF THE PAcIFIc, 119: 871-885, 2007 August
© 2007. The Astronomical Society of the Pacific. All rights reserved. Printed in U.S.A.

Agtronomical Image Processing with Array Detectors

MARTIN HOUDE
Department of Physics and Astronomy, University of Western Ontario, London, ON, Canada; houde@astro.uwo.ca

AND
JOHN E. VAILLANCOURT

Physics Department, California Institute of Technology, Pasadena, CA; johnv@submm.caltech.edu
Received 2007 April 23; accepted 2007 June 25; published 2007 August 20

ABSTRACT. We address the question of astronomical image processing from data obtained with array detectors.
We define and analyze the cases of evenly, regularly, and irregularly sampled maps for idealized (i.e., infinite)
and realistic (i.e., finite) detectors. We concentrate on the effect of interpolation on the maps and the choice of
the kernel used to accomplish this task. We show how the normalization intrinsic to the interpolation process
must be carefully accounted for when dealing with irregularly sampled grids. We also analyze the effect of

missing or dead pixels in the array and their consequences for the Nyquist sampling criterion.

1. INTRODUCTION pling pattern (ESG or otherwise), we wish to address the fol-
lowing two questions: (1) how does one choose an optimal kernel
shape and size for the interpolation function, and (2) how does

) ¢ ical i ) Th lis t ‘ Mhis kernel choice affect the spatial resolution of the resulting
In astronomical image processing. 1he goal 1S 1o create amap? We concentrate on the case of a Gaussian kernel.

smooth map with the_ best po_ssible_spatial resoluti_on, _given d As mentioned above, the construction of maps from non-

sgt of data sampled in two dimensions. The solution is Com- E5 sampled data is generally done through an interpolation
plicated by the fact that the data are often not sampled in a4f the data using a smoothing kemel (see § 4 and Lombardi
regular way, even if the detector layout is regular. For example,& Schneider 2001). In this paper, we begin by reviewing the

telescopes may be scanned or dithered to map areas Iar(:']erthaé]olution for ESGs using a techni,que based on Fourier trans-
the array, some instruments are unable to follow objects as theyforms (8 3) and extend this techniques 4 to egularly spaced

ro_tatfe on the Skyf oran array itsglf may c_ontain_ flaws (i.e., grids (RSGs), which are composed of relatively translated
missing or dead pixels). The resulting two-dimensional sample ESGs. In § 5, we use the tools developed for studying RSGs

pattern can often appear quite irregular. and ESGs to analyze irregularly sampled grids (ISGs) and ex-
Although the layout of most modern detector arrays (e.g., plore the effects of missing samples in a map.

CCDs) can reasonably be approximated as generating evenly Throughout this paper, we present examples that reference

sampled_grids .(ESGS) extending _to inf_inity if‘ all direction_s, the bolometer array used with SHARP, the Submillimeter High
o?servatlons l"V'Fh thes% arrays WlIIItypgglly include a series Angular Resolution Polarimeter. SHARP is used in conjunction
of-array translations and rotations. In addition, one may want, iy, the supmillimeter High Angular Resolution Camera Il

to combine multiple images of the same piece of sky in order g AR i) "which is deployed at the Caltech Submilimeter

to increase the signal-to-noise ratio (S/N). This requires that_Observatory (Dowell et al. 2003). For this, the %232

the_ images be r_egistere_d S0 that the_ same area of the Sk_y IEHARC-II detector array is optically split into two 12 12
being observed in each image. That is, any relative tranSIat'onsubarrays (and asection x 8 unused pixels), which image

and rotation of the array positions with respect to the sky must two orthogonal linear polarization components of radiation

:)e talki.n Into 3ccotu?t when cotmblnmg the Irr?atlﬁet& Unless.thT(Novak et al. 2004). Although we concentrate on SHARP maps,
ransiafion and rotation operations are such that every piX€ly,, roqits are applicable to any detector array or sampling

lies in a location previously occupied by another pixel, the pattern.
resulting sample pattern is no longer an ESG.

The processing of data from any case other than an ESG
requires performing an interpolation. Some of these cases have 2. MATHEMATICAL DEFINITIONS
been discussed by other authors (e.g., Granrath & Lersch 1998). Before embarking on the analysis of the evenly sampled grid
The interpolation (or smoothing) necessarily has an effect on the(ESG), we first introduce a set of definitions and functions that
spatial resolution of the resulting map. For the case of any sam-are central to the development of the subsequent sections. Given

871



872 HOUDE & VAILLANCOURT

a function g(r) , which is dependent on position= xe, +

ye, (g andeg, are the usual Cartesian unit basis vectors), we

define the Fourier transform pair

0

g(r) =f G(w)e’*™ dudp, (1)

%

G(w) = f g(r)e = dxdy, )

wherew = ue, + vg, is the spatial frequency vector. The dig-
itization of a signal will invariably introduce trains of Dirac
distributions. For example, a two-dimensional Dirac train of
periodsl, and, along, ang
that

> o

i,k=—=

W)= 2 sx—il)sly =Ko, (@)

with the Fourier transform relation (see the Appendix)

S -r) et D sw-w)

i,k=—ox 1lomn=—c
where
ik = illex + klzey- (5)
m n
W = &+ =8, (6)
l, l,

Another useful distribution is the flat-top window of length
Al, (in the e direction in this case), which we denote by

1 Al
X ) |X| < 7 )
rec A= Al (7
1 0, |x ,
X >
and the corresponding Fourier transform pair
X . sin (ruAl,)
rec(—) Al sinc@@uAl,) = Al,————= 8
Al < Al (muAl,) 1 TUAI (8)

3. THE EVENLY SAMPLED GRID

The detection of a signa(r) from an astronomical source
is inevitably achieved through a series of transformations.
Mathematically speaking, the signal is first convolved with the

, respectively, is defined such

telescope transfer functido(r)  such that

s(r) = s(r) ®b(r), ©)

where the symbol ® ” stands for a convolution, while the

measured signdl(r) is a sampled, pixel-integrated version of
s(r). For an ESG, the sampling is done in an even manner
with a Dirac train as defined in equations (3) and (4). More

precisely, for rectangular pixels of widtié, aAb, , we write
t'(r) = t(r) 2 6(r — Ky)
= 2 t(R)S(r — K, (10)
with
t(r) = s(r) ®p(r)
= [b(r) ® p(r)] @ «(r), (11)
p(r) = rec(ﬁ) rec(Ailz) : (12)
The convolution
h(r) = [b(r) ® p(r)] (13)

stands for what is commonly described as the point-spread
function (PSF). Using equations (2) and (4) and the properties
of the Fourier transform for products and convolutions of func-
tions, we find that

TO) = TW O S 6(w—w,)
L -

= 2 T wy), (14)

with
T(w) = HW)Sw) (15)
= B(W)P(W)SW), (16)

and
P(w) = Al Al,sinc@@uAl ))sinc@vAl ). a7)

Equation (10) is only valid for the idealized case of an infinite
array. In reality, this relation should be multiplied by an aperture
function of appropriate width and shape. Although we take this
restriction into account when analyzing the effect of missing
pixels in § 5.2, we will for the moment simplify our analysis

1n this paper, we use a lowercase letter and the corresponding capital letterdY assuming that the array is sufficiently large so that equa-

for a function and its Fourier transform, respectively.

tions (10) and (14) are suitable approximations.
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3.1. Interpolation is the displacement vector specifying the position of the inter-

The ESG studied in the previous section is the simplest polated gridtim.(r) in the relation to the initial gr.id. It is im- _
representation that can be given for a sampled set of data. Ad°0rtant to realize that because of the evenness in the sampling
we see in later sections, we will always seek to transform more distribution of the original map(r) , the normalization factor
complicated forms of data grids (i.e., not evenly sampled ones)N(r) will be periodic in character, with the same periods (i.e.,
into ESGs to facilitate analysis; this will invariably require the = @ndl.) as the original sampling Dirac trdiris a conse-

interpolation of sampled quantities from different locations. In 9uence, it will take a common value for all interpolated points
addition, one might inquire about quantities at positions where Similarly located within a one-period segment anywhere on the

there are no samples. For example, questions such as “Whagrid (see.the Appendix). More precisely, datg res'ulting from
is the intensity at position A, where there is no sample, and INtérpolations at points and+r, , for any integeand k
how does it compare to the flux at positions B, C, and D on Whenr, is defined as in equation (5), will have the same nor-
this map?” are common when analyzing astronomical images'mahzatlon factqr. Therefpre, when the resampl_m_g is do_ne usn"!g
It is therefore often necessary to generate a new interpolatedN® Same spatial sampling rate as for the original grid (as is
map from the data set expressed through equation (10). the case in eq. [20]), we can write Fourier transform of
Given a weighting functionw(r) , any value,(r) to be tm(r)as
assigned to an interpolated point can be expressed as

T = [ 3 a(w—%)emvvs-as]

Z(1) = 0(r) 2 ARW(r = 1), (18) hlzsi=-
i=1
¢ &
wherez(r) is the value associated with tile of then data &® [W(W) e 2_ T(w— VV‘nn)]! (22)
points used for the interpolation. The quantity vemneT
1 where ¢ is the constant value associated witfr) for this
_ % _ particular resampling process. Equation (22) contains multiple
n(r) = le(r f) (19) copies of T(w) , one for each pair of andn. If the Nyquist

sampling criterion is satisfied (see the Appendix), then the high-
is the normalization factor, which is a function of the position frequency copies may be removed with negligible aliasing by
of interpolation. The generation of an interpolated map is equiv- choosing the weighting function such thé(w) ~0  when
alent to the convolution of the initial data set with the weighting |W| > [w,,|/2 (whenm # 0 orn # 0). Equation (22) then
function, followed by the normalization and resampling of the simplifies to
data. This can be ascertained through a comparison of equa-

tion (18) with TuW) = 7y > W — W) Tw - w)e =% o (23)
tn() = Z 8(r — 1y — Ay {n(n)[t'(r) ® w(r)} and
= Z 8(r — ry — ay,) t,.(r) = [t(r) @ w(r)] % 2_ 8(r—ro—ay). (24)
x (n(r)[[t(r)_ i o(r — rik)]®w(r)}) The only difference betweet,(r) anffr) (see eq. [10]),

besides the overall scaling factor and translation, is the presence
d of the convolution byw(r) for the former. It is therefore ap-
> A=t —ay,) parent thatv(r) can serve not only as a weighting function for
s interpolation, but also as a smoothing kernel, as its effect is
z functionally similar to that of the PSfr) or any other function
X [n(r) i ;m t(rgw(r — rik)], that can be applied tt(r) (see eq. [11]) before or during the
o sampling process leading t§r) . It therefore follows that the
(20) weighting functions also possesses spectral filtering qualities,

wherer, is defined as in equation (5) and
2 It should be noted that the normalization function will be constant for an

| infinite grid whenW(w) = 0 for |u| >(2I)™* or|v|>(2)™* (e.g., sinc

e + 2 g (21) weighting functions of corresponding widths in normal space). This condition

q must be strictly enforced in order to obtain a constant normalization factor
while satisfying the Nyquist sampling criterion.

L

p

g =
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as the base spectrunfw)  is multiplied by its Fourier transform 3, 4, and we rewrite equation (29) as
W(w) (see eq. [23]). One can, in fact, take advantage of this
property in some cases. For example, the extraction of a signal 1

%

from noise can be optimized by matching the spectral shape Tsw) = WS,;x{%lw(W_ 206)T(W = 2w,)

of the Fourier transform of the weighting function (more ap-

propriately named the “filter” in this case) to that of the signal H(=1)Ac, + (=1)Acs + (-1)*"Ac]

itself (if such information is available a priori). This is a result x W(W — W) T(w — %)}- (30)

commonly established through the so-called matched filter the-
orem (Haykin 1983). It is to be noted, however, that optimi-
zation of the S/N through filtering is not our goal. As is made - . Y .
evidentin § 3.2, besides its fundamental role in the interpolation Sv(z?)f_ﬁf%inﬁ(ge??ﬁ:?gﬁcc:g;h?x Id;rmgﬁé?m eé%ggg;;?cgzg
process, we are als.o concerned W'Fh determ|.n|ng the effects 0fvice versa. As we see below, there are good reasons to limit
the weighting fuqctlon on the spatial resplunon of a map. In the width of the weighting function, but if we assume for the
general, the spatial extent of the smoothing kernel will always moment that(r) is such thatc, = 0 , then
be significantly smaller than that of the optimized matched : ’
filter.

We now investigate the case of a map resulting from a re- T (w) =
sampling process where we seek to increase the density of
samples. For example, a map with half the sampling periods
as the original (i.e., of periods/2 and/2 ) will consist of 2"
the combination of four different resampled maps(r) o & ;
t,(r), t5(r), andt(r) ] that all share the same sampling periods t(r) = [t(r) @ w(r)] ﬁ Z 6(r - LZ") (32)
as the original map, but translated relative to each other. More tzhk=-e
precisely, we define

As is discussed presently in § 3.2, the magnitude of the

4c, <
TS W 2w)Tw - 2w)  (3)

Itis instructive to compare this result with the corresponding
equation for an ES®'(r) , similar to that of equation (10), but

(1) =t g (25) with half the sampling interval in each direction:
t,(r) = tint(r)|p:2.q—>ocl (26) t(r) = t(l’)_ i 6([‘ _ r|_2k)’ 33)
t3(l’) = tint(r)|p—>°c,q:2! (27) M
4 &
(1) = tu(lp-z-2: (28) TW) = 2 T 2w). (34)

Again we see that apart from a multiplication factor, the
(approximate) interpolated grigd(r) differs frotf(r) by the
presence of the convolution by(r) . Although equations (31)
and (32) are approximations and the aforementioned corre-
spondence betwedr(r) atidr) may fail for a given weight-
ing function (i.e.,Ac; # 0 in general in eq. [30]), this simpli-
fication is often reasonable (see § 3.2). At any rate, one can
more closely approach the idealization of equation (32) by
broadening the width of the weighting functiev(r)  (with a
corresponding loss in spatial resolution, however).

In other wordsi,(r) is resampled at the same positions as
the original map, whilet,(r) t,(r) , and,(r) are relatively
shifted by je , e, , andie + e, respectively. Calculating
and summing the corresponding Fourier transforms (using
eg. [23]), we find for the combined map that

T(W) = T,(W) + T, (W) + To(w) + Ty(w)

LS e+ (e, + (<1, + (1)ie

B (Ill 2)2 Sit=-e

3.2. Selection of the Weighting Function
x W(W — W) T(W — W),

There is a fair amount of subjectiveness in choosing the
specific form and characteristics of a weighting function. We

(29) choose the following two criteria as guidelines for achieving

this:
wherec; is the normalization constant associated w({th . 1. The function must be sufficiently broad so that its am-
Correspondingly, we further definkc; = ¢;—c, fpr=2 , plitude is large enough at the interpolated positions, while not

2007 PASP119:871-885
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Fic. 1.—Map top) of the normalization functiom(r) for a SHARP ESG
with a weighting function withw = l/x I = |,= 4.7" for SHARP). The
top-most curve in the lower part of the figure is a cut through a row or column
of pixels for the normalization map. The bottom two curves are similar cuts
for weighting functions ofw = 1.3l,/7 and,/\== 1.8 l/x , respectively.
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sided bandwidth associated with SHARC-II at 34 is

1 1
Y =—=— arcsec’ .
2t 23.9

Sincel, = |,=4.7', thenZ™'> 2|, and the Nyquist sam-
pling criterion is met, as previously assumed. If we were to
choose the weighting functiam(r) to also be Gaussian and of
width @, then to satisfy criterion 2 above, we must have

|
w=1=15.
T

Taking the lower limit for the size of the kernel, we can
evaluate the new resolution of the map with

‘ [z
o w2 = o\1+ =
™0

which corresponds to an equivalent PSF width of” Sd¥
SHARC-II and a loss of approximately 7% in spatial resolution.
Finally, the relative amplitude of the weighting function at a
distance of one-half pixel away from the position of interpo-
lation would be

1.070 = 4.1,  (35)

2nw*W(r)|,_,,, = € " = 0.29. (36)
Although equations (35) and (36) satisfy criterion 1 above,
and one could reasonably choose the corresponding weighting
function to interpolate a map, one should nonetheless verify
that the coefficientdc; resulting from the interpolation process
(see § 3.1) are sufficiently small when seeking to increase the
density of samples in the final grid. Doing so will ensure that

being too broad to significantly degrade the resolution of the the approximation leading to equation (32) is adequate; for

map.

example. Figure 1 shows a mafog) of the normalization

2. Its spectral extent must be such that it filters out spatial functionn(r) for a SHARP ESG with the lower limit weighting

frequencies for whichu| > (21,)™ ofy| > (2,)™" (seeeq. [22]
and the discussion that follows).

We now show how this can be practically implemented by
considering the case of SHARC-II (or SHARP), where
Al, =1, = Al, =1, Furthermore, we approximate the
SHARC-II PSF with the following Gaussian profile:

1 g V2(r|io)?
2 ’
o

H(W) — e—21r2¢72|w|2 = e—1/2(|w|/):)2_

h(r) =

The PSF size is usually defined by its full width at half-
maximum (FWHM), which is approximately’or SHARC-
Il at 350 um (Dowell et al. 2003). This givesos =
FWMH/[8 In (2)]¥? = 3.8"; we will use standard deviations to

specify widths of Gaussian PSFs. With this definition, the one-

2007 PASP119:871-885

function considered aboves(= |,/7r = 1.5 ). The top-most
curve in the lower part of the figure is a cut through a row or
column of pixels for the normalization map. The bottom two
curves are similar cuts for weighting functions e&f =
1.3l,/7 andl, /7 = 1.81,/7 , respectively. Itis clear from these
curves that the relative amplitude of the;,  coefficients, which
can be asserted from the level of ripple on the curves, exhibits
a strong dependency on the width of the weighting function.
For example, the two larger weighting functions in the lower
part of Figure 1 exhibit amplitude variations of 11% and 1%
for a loss in spatial resolution of 13% and 22%, respectively.
This behavior is traced to the fact that a larger weighting func-
tion will more completely cover the space located between
neighboring sampling positions; hence, the existence of a
smoother normalization function(r) . This will be better vi-
sualized for the general case with the graph shown in Fig-
ure 2, which plots trends in normalization functicol{d line)
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Fic. 2.—Trends in normalization functiorsdlid line) and spatial resolution

= ¥

degradation dashed lines) with smoothing kernel size. The kernel sizes on
the abscissa are given as the Gaussian widihkpttom axis) and FWHM

(= [8In (2)]"?*w; top axis), both in units of the array pixel separation. The FiG. 3.—One-dimensional examples @) (an evenly sampled grid (ESG),

amplitude of the nor_malization function’s spatia_l variation is given as a Per- (b) a regularly sampled grid (RSG), ang+(d) two irregularly sampled grids
centage of the function’s average value (see Fig. 1). The corresponding 10sS5Gs). Interpolations at the positions of the two vertical broken lines would

in spatial resolution is described by eq. (35) and the following text. This is require weighting functions that have a common normalization factor for the
plotted here for different beam sizes and is indicated in units of pixel separation. esg and RSG. but different normalization factors for the 1SGs. Dirac distri-
For example, the case of SHARP, witkam= 9'/4.7 ~ 2 , closely corresponds | tions are shown as vertical arrows.

to the second dashed curve (from the top).

is the relative displacement associated with ptie of the n,
ESGs that make up the RSG. It is straightforward to calculate
the Fourier transform of equation (37) to get

and spatial resolution degradatictaghed lines) with smooth-
ing kernel size (see the corresponding figure legend).

4. THE REGULARLY SAMPLED GRID

We define a regularly sampled grid (RSG) as being a gen-
eralization of the ESG discussed in the previous section. That
is, a RSG has a well-defined periodicity (just as the ESG), but yith w_ as defined in equation (6).
it is a grid for which the pattern of Dirac distributions is more  The important aspect to emphasize for the interpolation of
complex. While along a coordinate axis of the ESG there is only 3 RSG is that as was the case for an ESG, the normalization
one Dirac distribution for a given period, a RSG may have many factorn(r) in equation (18) is common to all interpolated points
Dirac distributions (not necessarily evenly spaced) over the samesimilarly located within a one-period segment anywhere on the
interval. This difference is illustrated in caseandb of Figure  grig. This is illustrated with the vertical broken lines in Fig-

3 for one-dimensional versions of an ESG and a RSG, respeCyre 3. The existence of such a common normalization factor
tively. Practically speaking, a RSG would be encountered any-coyld be effectively adopted as the definition for a RSG.

time that maps with similar characteristics, but that are translated |t e interpolate our RSG using a weighting function
relative to one another, are combined together to form a uniqué,yr) that satisfies criterion 2 above, then the high spatial fre-
final map. An example of this would be astronomical images of gyency components of the spectrum will be filtered out. There-
a given object at different pointing positions. fore, starting from equation (39), and using steps similar to

It should be apparent from this discussion and Figlréhdt those that led from equation (14) to equations (22) and (23),
aRSG, which we again denotetifr) , can be simply expressede resulting interpolated grid becomes
as a combination of a set of relatively displaced ESGs with

LSS T w)e e (39)

115 p=1 m A=

T/(w) =

W[ - T = 55 3 WO — W T(w = we)e ™, (40
t'(r) = t(r) S [ > 8(r—ro—d,), (37) v
priible and
wheret(r) is defined in equation (11) and ne &
0 = xe +ye (@8) ) = IO OWOL - 2 8 == a). (4D)

2007 PASP119:871-885
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Once agairc anda,,, respectively denote the common nor-
malization factor and the displacement of the new interpolated
grid in relation to the original grid (see eq. [21]). Obviously,
the same comments apply for the map resulting from the re-
sampling of a RSG here as for an ESG in § 3. That is, the @
most notable effect of the interpolation/resampling process is ¢
the presence of the convolution by the weighting function in
equation (41).

5. THE IRREGULARLY SAMPLED GRID

An irregularly sampled grid (ISG) can manifest itself in dif-
ferent ways. For example, Figure 3hows a case in which
the distribution of Dirac functions within a given base period
(of lengthl in the figure) is not the same from one interval to
the next. Another possibility is shown in Figurd,3vhere no
Dirac distributions are present for some intervals. This can be
likened to situations where pixels are missing from an array
detector (see below).

o
The problem in the analysis of an ISG is twofold. First, there o o0 % .. " % % o .. S
is no simple way of expressing the Fourier transform of irreg- P .. o 9 e % .. e g o
ularly spaced Dirac distributions such that the spectrum will o S o. .. o 8 : : °
show a repeating pattern of some frequency, as is the case for P S o © )
an ESG or a RSG. Moreover, the lack of regularity in the o 0o 8 o 0. L e do o. 0y ©
positions of the Dirac distributions implies that there does not o oo .‘ o o, 00 ® .0 .‘ o o

exist a common normalization factor when performing inter-

polations to create an ESG from an ISG (see below). Never- ®
theless, it is still possible to analyze some specific types of

ISGs. We deal with two possible cases in what follows.

Fic. 4—Combination of two relatively rotated ESGs. Every small filled

circle corresponds to a Dirac distribution, and the position of the small open

5.1. The Combination of Relatively Trandated and circle is the origin of the maps and of the rotation for one of the two grids.
Rotated ESGs Its relative rotation is 10with respect to the coordinate axes (also shown).

. . Neither ESG is translated. The four large open circles correspond to the foot-
It often happens that an astronomical source will be observedpyint of a predetermined weighting function.

at different times, when it is at different locations and orien-

tations on the celestial sphere. Invariably, we seek to combine ] o
the resulting images to form a final map of the object. If the We can therefore expect that interpolated maps originating from

array detector (which we assume to be perfect and therefore>GS Will be more complex than those resulting from ESGs
able to generate ESGs of data) used to record the images i€"d RSGs. o , , ,
part of an instrument that is unable to precisely track the ap- Another point to consider is the possible relative rotation
parent rotation of the source on the sky, then the different P&tween the different maps to be combined. Because of this,
images of the source will be sampled with ESGs that will be W€ Will do well to use the fact that the Fourier transform of a
rotated and possibly translated relative to each other. A simpletated map is the rotated Fourier transform of the original (i.e.,
example is shown in Figure 4, where two ESGs are combined: Without rotation) map. That is, if we have the Fourier pair
one rotated by 10with respect to the other. These grids are
not relatively translated (see the legend). g(r) & G(w),

Perhaps the most important aspect of Figure 4 is the fact
that the combination of the two ESGs produces a grid that has
an irregular pattern of Dirac distributions, as can be assertedthen it is also true that
by the coverage of a predetermined weighting function (shown
by large open circles). Clearly, any weighting functiefr) is
likely to cover a different number of samples at different po-
sitions on the map. The main consequence resulting from this
fact will be the absence of a common normalizing factor at the (see the Appendix), wheil®  stands for the rotation operation
different locations where interpolations are performed (note (i.e., matrix). Because of this property of the Fourier transform,
that the normalization function in eq. [19] will not be periodic). we can express an IS®r) composedipf rotated and trans-

g(Rr) & G(Rw)

2007 PASP119:871-885
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the new interpolated grid (see eq. [21]), we have
ti(r) = [t'(r) @ W(r)In(r). ka o(r — i — )

[0 > s-r-

x n(r) 21 o(r — h, — ay). (44)

Calculating the Fourier transform of equation (44), we get

Tine(W) =([ S Z T(w— Ry )e 2m™s d%

1 2p=1st=—

x W(w)] ® N(W))

c
S . ® S sw- wyen
o LO_ 1lomn=-—x
N L J
(—3 Q
e | '
0 - 1 which, using the assumption the#(w) is such that it filters
Z - .
r = " E out the higher frequency components of the spectrum, can be
0 . ; approximated to

©

>, e TWWW)] & N(W)yy

n=—o%

Fic. 5.—Combination of two relatively rotated ESGs, similar to those of T(W) = 2
Fig. 4. We show a mapdp) of the normalization function(r) for the resulting (112)" m
SHARP ISG using a weighting function witks = |/x |, (= |,= 4.7" for (45)
SHARP). The top-most curve in the bottom part of the figure is an arbitrary
cut through a row of pixels for this normalization map. The bottom two curves
are similar cuts for weighting functions @f = 1.31,/r ahdim= 181/ ,
respectively. The filled circles highlight the values takemtry ~ for aresam-  Correspondingly, we can approximate equation (44) to
pling onto an ESG at the original sampling rate. It is clear from the top two
cuts that the normalization factor is not constant in general.

tin(r) = {[t(f)®W(r)]n(f)} E o(r — f— @) (46)

2 k==

lated ESGs and its Fourier transform as )
Equation (45) shows best the effect of the lack of a common

normalization factor on the interpolation process. Since the

t(r) = t(r) i | 2 8(r —R,r, — d.), (42) Fourier trgnsfornN(vy) of the normalization.function is con-
p=1i k== volved with the weighted (and low-pass—filtered) spectrum

T(WW(w), the resulting spectrum of the interpolated ESG

T'(w) = i E T(w — Ryw,,)e/2™m % (43) t(r) is broadened byN(w) . It is interesting to note that
l2p=1mn="v w(r) andn(r) have opposite effects on the signal. That is, the

weighting function restricts the extent of the spectrum, while
whereR, andd, = x,e, + .6, are, respectively, the rotation the normalization function extends it.

matrix and the translation vector corresponding to gridust Given such an ISG, it should in principle be possible to
as for the RSG, our goal is to generate an EQ(®) of periodsevaluaten(r) and quantify its effect. In particular, one should
I, and 1, (along thex- and y-axes, respectively) front'(r) . ensure that the two previous criteria (see § 3.2) used to select

Although, as was previously pointed out, we cannot expressthe weighting function are met. Optimallp(r)  will exhibit

the interpolation process with a simple convolution with a slow variations and sufficiently low amplitude that the spectral
weighting functionwn(r) , we can still use the general expression broadening will be minimal. To make this clearer, we show in
given in equation (20). That is, with,, denoting the origin of Figure 5 an example consisting of a combination of two rel-
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atively rotated ESGs, similar to those of Figure 4 (i.e., one mations ons andt in equation (47). The Fourier transform of
rotated by 10 with respect to the other, and no relative trans- the combined Dirac trains is

lation between the two). The map at the top of the figure is

for the normalization functiom(r) of the resulting SHARP

ISG using a weighting function withw = l,/x (=

I, = 4.7 for SHARP). The top-most curve in the lower part E E o(r — dy — ryi)

of the figure is an arbitrary cut through a row of pixels for this ~ ** %=~
normalization map. The bottom two curves are similar cuts for

weighting functions ofs = 1.31,/7 and,/\r = 1.81,/% , re- o
spectively. The black dots highlight the values takennfx)

for a resampling onto an ESG at the original sampling rate. It

is clear from the top two cuts that the normalization factor is

not constant in general. One can also assert from this that thewith
spectrum due to a broad source (in relation to the size of the

map) would be significantly more broadened by the weighting

function that produced the top curve (i.e., with= I,/x= ) than

by the other two. W, = o 6t

MN&ngLva W), (49)

2 efj27rw . rpix]

pix

(50)

5.2. The Effects of Missing Samples

It is a common, if unfortunate, fact that detector arrays used  Note that the minimum separation between two Dirac dis-
in astronomy will often contain pixels that are either performing tributions in frequency space NI, whet is the greater

significantly below specifications or are completely unusable. of N, I, andN,l ,. We write the right-hand side of equation (49),
Astronomers usually work around the difficulties occasioned which we denote byp(w) , as follows:

by these so-called missing pixels by dithering the array during
observations, thus ensuring complete mapping of the source
under study. However, it would be instructive to analyze and
quantify the impact that missing pixels would have on the D(w) =
representation of astronomical signals without such corrective
techniques.
Although we take into account the fact that the map obtained
from the array is composed of a finite number of samples, our with
approach consists of first temporarily lending it an infinite char-
acter and then removing it. More precisely, although the size
of the (rectangular) detector array considered in this section is
N,l, x NI, we first assume that the two-dimensional pattern EW.) = NN Z g2 o, (52)
of N;N, pixels (including the missing pixels) repeats infinitely 2 P
in all directions. The underlying assumption is that the finite-
ness of the map will be restored in the end by windowing with o ) ) -~
the appropriate aperture function. Using this approach, we ex- 1he effect of missing pixels can now easily be quantified,

press the sampled signal (before windowing) as at least in principle, by omitting them from th,  ~ summation
in equation (52). As an example, consider the case in which

g the M x M pixels in the “top right” corner of the array are
t'(r) = t(r) 2 2 o(r — dg — o), (47) missing. For this particular example, we will do well to make
pix 5 t=—c the following substitutions:

1

a2 B0 -, (5D)

wherer,, is the position of a pixel on the array and (take note

of the periods) E Z E

pix i
dy = sN,l,e + tN,l g, (48) )
i~ il,e + K6,
That is, we first account for the pixels of the finite array
through the summatiolk ,, , and then associate a Dirac train
of periods(N,l;, N,l ;) to each pixel. These Dirac trains are where the indice$ andk stand for the columns and rows of

relatively translated in space and are accounted for by the sum+the detector, respectively. We can then transform equation (52)
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to This last relation yields the perhaps intuitive result that when
only a small number of pixels are missing, the amount of
contamination determined by the ratio expressed in equa-

Ew.) = 1 Nil J— N J—— tion (54) is approximately equal to the ratio of the number of
" N, N, | =0 k=0 missing pixels to the number of good pixels. However, we

should resist the temptation to generalize this result, since dif-
Ni—M—1 Ny-1 ferent distributions oM? missing pixels would give different
+ 2 g i2riminNg 2 eiZwkn/Nz) levels of contamination; especially if they are not concentrated
i=0 k=Nz—M in one part of the array, as is the case here. An example is
shown in Figure 6, where the functidg(w,,,) is plotted for

_elmtrrame (—1)m gl sin (rm) three different cases. Starting with the nominal SHARP
NN, sin (wm/N,) 12 x 12 array,E(w,,) is shown fon = 0 when (1) no pixels
) (black curve and dots), (2) 16 randomly positioned pixelsed
i SINEN(N, = M)N,] (—1)mel =+ Div: curve and dots), and (3) the4 x 4 “top right” corner pixels
sin (wn/N,) (blue curve and dots) are missing. Contrary to the case of an
ESG (corresponding to the black dots) whE¢ey,,,) = 0 when
sin [rm(N, — M)/N,] sin (znM/N,,) Im| # 0,12, .., an ISG (ed and blue dots) will in general
8 sin (wm/N,) sin (@n/N,) |’ have E(w,,) # 0 for allm and n. It should be clear that
E(w,,,) acts as a mask that will or will not allow the appearance
(53) of Dirac distributions that are more closely spaced in frequency,

_ ) depending on whether or not there are missing pixels in the
WhenM = 0 (i.e., when all the pixels are accounted for), array. This serves to emphasize the fact that missing pixels

equation (53) simplifies to will bring some spectral contamination (i.e., aliasing) in the
/ sampled signal.
E(w,,) = 1, m=mN, andn = nN, This becomes more evident if we calculate the spectrum of
0, elsewhere the measured signal from equations (47) and (51):

wherem’ andn’ are some integer numbers. That is to say, , 1 <
equation (51) then becomes TW) = > EWu)TW = W,). (55)

Lme

D(w) = % 2 BIW — W] We see that the different replicas o{w) are 'spa(':ed in
ilamn=—e frequency according to equation (50) (compare this with the
case of the ESG in eq. [6], where the spacing between replicas
which is, as it should be, the same result as was obtained earliefs N times greater). Contrary to the case of an ESG, a con-
with equation (4) for the ESG. volution with the usual weighting functiom(r)  will not restore
Although it is necessary to pld(w,,) to assess the effect a low-pass—filtered version of thg)  map. To make this clear,
of an arbitrary distribution of missing pixels, it should now be we first define a new functioi(w) such that
clear from equation (53) that its amplitude is in general nonzero
for all values ofm andn. In other words, by removing even Y(w) = Z EW,,)T(W—w,,). (56)
only one pixel, we went from a case in which we only had mn
Dirac functions at frequency intervals bf* ahg  to a sit-
uation where they are separated by intervals of dily,)™*
and(N,l,)™*. It is important, however, to quantify the relative

Then proceeding with the usual interpolation defined in equa-
tion (18), we find that

magnitude of these Dirac distributions. For example, returning «
to equation (53) pertaining to our case of tflex M missing T,(W) = —— 2 e 12 2o Y(W)W(W)] & N(W) g
“top right” pixels, we find that (1a2)%si="-
(57)
E(Wy) | M] sin [r(N, — M)/N,J/ sin (z/N,)| and
E(Woo) B N;N,— M? 1 .
M2 tn (1) = YN @WNIN()} - > o(r—r—ay), (58)
= for M<N,. (54) tlahk=—e
NN, — M

wherea,, is defined in equation (21) and denotes, once again,
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Spectral index m, with n=0

Fic. 6.—FunctionE(w,,) forn = 0 when no pixelsblack), 16 randomly positioned pixelsdd), and the4 x 4 *“top right” corner pixelsb{ue) are missing.
, anetsa&d blue dots) will in general have

Contrary to the case of an ESG (corresponding to the black dots) \iterg) = O jahes O, 12, ...
E(W,,) # O for all m and n. The amplitude ofg(w,,) for the relevant (i.e., integer) valuesmofire shown by the colored dots. The curves, which include
can be interpreted as a mask function (see text).

computations at intermediate valuesmfare only shown to emphasize the fact tEétv.,)
the position of the origin of the interpolated grid. These equa- For reasonably large detector arrays, we do not expect that
tions show that maps resulting from the interpolation of ISGs the presence of the sinc functions will be of any significance,
containing missing pixels suffer from both spectral aliasing due to their spectral narrowness relative to the extent of
[from the presence o¥(w) in lieu of(w) in eqg. (57)] and T(w) [or Y(W)W(w)]. Because of this, our periodic depiction

broadening [because of the presencéN(f) ] of the array, on which our analysis rests, is justified.

We once again stress the realization that missing pixels will

bring some amount of aliasing that will be impossible to remove
with a reasonably sized weighting function. The concept of 6. SUMMARY
Nyquist sampling can even lose much of its meaning and use- |n this paper, we addressed the question of astronomical

fulness in a situation where too many pixels are missing, or image processing from data obtained with array detectors. We
when the level of contamination due to spectral aliasing is defined and analyzed the cases of evenly (ESG), regularly
comparable to the noise level present in the map . This fact(RSG), and irregularly (ISG) sampled grids for idealized and
strongly underlines the necessity of performing adequate dith-realistic detectors. We focused on the effect of interpolation on

ers or other scanning strategies when observing with an im-the maps, while using a Gaussian kernel to accomplish this
task. In all cases (i.e., ESG, RSG, and ISG), we have applied

the method of weighted averages (eq. [18]) to produce a map
interpolated on a finely spaced grid.

We defined an ESG as a map where the signal to be analyzed
is digitized with a simple, two-dimensional train of Dirac dis-
tributions evenly separated with well-defined spacings (see
eg. [3]). Moreover, since the ESG is the simplest way to rep-

perfect detector array.
We complete the analysis by performing the windowing

mentioned earlier, which transforms equation (55) to

)

NI /

t(r) = tim(r)[rec(ﬁ) rec(

1

ine(W) @ [N, ;NI ,sinc@uN | )sinc@uN 4 ).

Tin(W) =
(60)
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resent and analyze a set of sampled data, we always sought to
transform a non-evenly sampled grid (i.e., a RSG or an ISG)
to an ESG through the process of interpolation. While studying
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the ESG, we found that the interpolation process invariably must be subsequently multiplied by the normalization function
leads to a loss in spatial resolution, and that this loss grows(see eq. [46]). Because of the irregular nature of the new map,
with increasing width of the smoothing kernel (this result is the normalization function is not periodic in general and will
true in general; i.e., when considering RSGs and ISGs). Whenadd structure to the spectrum (i.e., the Fourier transform) of
an ESG is resampled at the same rate as the original map, théhe map. More precisely, the spectrum of the source (filtered
interpolation process can usually be adequately taken into ac-by the spectral profile of the weighting function) will be broad-
count by replacing the original signal by its convolution with ened through its convolution with the Fourier transform of the
the weighting function (see eq. [24]). However, the same is not normalization function. This effect is a function of the size of
true in general when the final ESG is resampled at a rate dif-the weighting function, as the spatial variation of the normal-
ferent than that of the original map (see eq. [30]). This is due ization function grows larger for smaller kernel widths. Al-

to the fact that the normalization function that is intrinsic (and though these results also apply to maps exhibiting missing
necessary) to the interpolation process is not constant but is asamples, we found that these further suffer from spectral al-
function of position (although it is periodic, with periods cor- iasing that may reduce or negate the usefulness of the Nyquist
responding to the sampling rates). The aforementioned replacesampling criterion in extreme cases. This fact strongly under-
ment of the original map in the interpolation process by its lines the necessity of performing adequate dithers or other scan-
convolution with the weighting function will only be adequate ning strategies when observing with an imperfect detector
in such cases when the latter is sufficiently broad relative to array.

the spacing between samples (see Figs. 1 and 2).

We defined a RSG as a generalization of an ESG such that M. H.’s research is funded through the NSERC Discovery
it consists of a combination of a number of relatively translated Grant, Canada Research Chair, Canada Foundation for Inno-
ESGs of similar sampling rates. All the results obtained for the vation, Ontario Innovation Trust, and Western's Academic De-
ESG can be generalized to the RSG. velopment Fund programs. J. E. V. acknowledges support from

We analyzed two different types of ISGs: the combination NSF grants AST 05-40882 to the California Institute of Tech-
of relatively translated and rotated ESGs, and ESG-like mapsnology and AST 05-05124 to the University of Chicago.
with missing samples (e.g., data grids made with detectorsSHARC Il is also funded through the NSF grant AST 05-40882
exhibiting dead pixels). In the first case, the interpolation pro- to the California Institute of Technology. SHARP is funded
cess cannot be simply represented by a convolution of thethrough the NSF grants AST 02-43156 and AST 05-05230 to
original signal with the weighting function, as this operation Northwestern University.

APPENDIX A

In this Appendix, we provide a few simple derivations to justify some of the results used in the text.

Al. FOURIER TRANSFORM OF A DIRAC TRAIN

The Fourier transform of a Dirac train can easily be determined by first calculating the associated Fourier series. In the one-
dimensional case, we have

> sx—il) =|1 S, eemon, (A1)

j=—o0 n=-—w

since the Fourier series for a periodic functig(x) of periidg defined as

000 = X Gme,

n=-—w

where the Fourier coefficier®(n) is

1/2
G(n) = }f g(x)e 17 Mdx.

I =2

Before calculating the Fourier transform of equation (Al), we consider the so-called duality property of the Fourier pair in
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equations (1) and (2). More precisely, we mean that if for a fundt{on we have
f(r) = F(w),
then it must also be true that féi(—r) we have
F(=r) & f(w),
as can be readily verified by inspection of equations (1) and (2). It follows from this that since
8(r —r,) & eiz™ro
then
eizmo T o §(W — W,). (A2)

Using the one-dimensional version of equation (A2) to calculate the Fourier transform of equation (Al), we find that

o

i sx—ih ot 6(u—D). (A3)

I=—x n=—o I

The two-dimensional generalization of this result is straightforward and leads to equations (3) and (4).

A2. THE NYQUIST SAMPLING CRITERION

The “Nyquist sampling criterion” can be understood with equation (A3) and the product/convolution property of the Fourier
transform. This property states that the following Fourier pair is valid

f(r)g(r) & F(w) ® G(w)

for two functionsf(r) andy(r) , as can easily be verified from the definition of the Fourier transform. Therefore, for the sampling
of a functiont(x) , we have

t(X)_i 6(X—i|)<:>T(u)®} i 5(u_ﬂ)

i=— n=—o |

@% Z T(U—ID),

n=-—w

which implies that the base spectrur(u) is repeated in frequency space at an interval equal to the sampling Ipériod of . It is
apparent that in order to avoid any cross-contamination between the different spectral refli@gs of , the following relation must
be enforced:

T(u =0 for |u| 2%. (A4)

Relation (A4) is the one-dimensional mathematical equivalent of the Nyquist sampling criterion, which states that in order to
recover the base spectrunfu)  from its sampled version (through spectral filtering), the sampling frequency must be at least twice
as large as the frequency extentTdil)
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A3. NORMALIZATION FACTOR

We know from our analysis that an interpolated nigjr) resulting from a previously sampled dtifa) set is given by

tu(r) = 2 8(r — 1y — 3, ){N(NIL(r) @ W(r)],

S t=—x

which we transform slightly to

tin(r) = (n(r) i O(r — Iy — apg)|[t'(r) ® W(r)]. (A5)

S t=—x

As usual,n(r) andw(r) are the normalization and weighting functions, respectively, and the vgctorsa,, and are given by
equations (5) and (21). When the original map is an ESG, the normalization function is periodic and can therefore be expanded
with a two-dimensional Fourier series

n(r) = 2 N(@, k)g!zmi T, (AB)

whereN(i, k) is the corresponding Fourier coefficient and is given by equation (6).
From equations (A2) and (A6), we can write the Fourier transform of equation (A5) as

Tint(W) = [ ) i N(|, k)@(W — V\/Iki [Ii E 5(W Wnn)e jemrw - ap]]

i,k=—c m, n=—x

@ [T'(W)WW)]

el 2 N(, k) 2 S(wW—w,, — \le)ejzw(wwik).apq]

I |2|k_—x m, n=—x

Q [T (W)\Ww)]

20, k=—» m,n=—ox

& [T (W)WW)],

but since

X AW W) = B W),

m, n=—o%

with m" = m+i andn’ = n+ k, then

Tint(W) = {[ i N(|, k)eiZWWk'aﬂli 2 5(W Wiy )e j2mw - ap}]

i, k=—» e

Q [T (WWW)].
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However, we can use equation (A6) one more time to transform this last relation to

Ta) = @ S 8w w e ST (W)

2mn=—=

and

tin(r) = n(ay) 2 O(r — g — ape)[t'(r) @ w(r)]. (A7)

Evidently,n(a,,) is constant for a given interpolated map, but will vary as a function of the displacement of the new sampling
grid (defined bya,, ) relative to the original one. Equation (A7) leads to (and justifies) equation (24), provided thatcwe set
n(a,,)-

A4. FOURIER TRANSFORM OF A ROTATED MAP

Finally, we prove the result used in § 5 that the Fourier transform of a rotated map is the rotated Fourier transform of the

unrotated map. To do so, we subject a two-dimensional g{ap to a rofdtion and calculate the Fourier transform of the
transformed mag(Rr) with

%

G'(w) = J g(Rr)e ™ dxdy.

We now make the change of variable= Rr  to get

G/(W) — j g(r/)e—jzww-(Rflr’)dX/dy/

0

— J g(r/)e—jZW(Rw)-r/dX/dy/, (A8)

where the last transformation was made possible by the fact that the inverse of a rotation matrix equals its transpose. We therefol
find from equation (A8) that if

g(r) & G(w),

then

g(Rr) & G(Rw).
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